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Abstract 

We introduce the Lorentz space C p ^' ,q ^'' with variable exponents p(t), qit) and prove the boundedness 
of singular integral and fractional type operators, and corresponding ergodic operators in these spaces. 
The main goal of the paper is to show that the boundedness of these operators in the spaces £P(')>9(0 i s 
possible without the local log-condition on the exponents, typical for the variable exponent Lebesgue 
spaces; instead the exponents p{s) and q{s) should only satisfy decay conditions of log-type as s — ► 
and s — > co. To prove this, we base ourselves on the recent progress in the problem of the validity of 
Hardy inequalities in variable exponent Lebesgue spaces. 
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1 Introduction 



Nowadays the so called variable exponent analysis is a popular topic which continues to 
attract many researchers, both in view of possible applications and also because of diffi- 
culties in investigation and existing challenging problems. This topic is mainly focused 
on the Lebesgue and Sobolev spaces with variable order of integrability and operator 
theory in these spaces. In particular, various results on non-weighted and weighted 
boundedness in Lebesgue spaces with variable exponents p(x) have been proved for 
maximal, singular and fractional type operators, we refer to surveying papers [I] , [H] , 
[16] • As is well known, these boundedness results in the case of a bounded open set 
in R n hold under the assumption that the exponent satisfies everywhere the local log- 
condition 

\p(x)-p(y)\<^^, (l.i) 

\x-v\ 

for all x,y G Q with \x — y\ < \. In the case of unbounded sets in W 1 , it is also supposed 
that there exists the limit p(oo) = lim p(x) and the decay condition of log-type 

\p(x)-p(oo)\ < ° (1.2) 
ln(e + \x\) 

is satisfied. Conditions fll.ip - fll.2p are known to be necessary, in terms of continuity 
moduli, for the boundedness of the maximal operator in the spaces L p ('\tt) with vari- 
able exponent p(x), see [3J, [13]. Since the known means to study singular and fractional 
operators in variable exponent spaces are somehow related to the maximal operator, 
assumptions fll.ip - fll.2l) are always inherited, when one deals with those operators. 

The goal of this note is to show that in the case of the Lorentz spaces £ p W ,g (X)(R n ), 
when p(t), q(t) are functions of t G M+, the local log-condition fll.ll) is no more needed 
for the boundedness of the maximal operator in C p ^' 9 ^(M. n ), we may use only decay 
conditions at two points, at t — and t = oo: 

\p(t)-p(0)\<^ for |t|<I and \p(t) - p(oo)\ < ° + (1.3) 

We base ourselves on a recent result [5J on the validity of the one-dimensional Hardy 
inequalities under assumptions of type fll.3p . 

The spaces £ p ^(fi) = £ p (')' p (')(f2) have already been introduced, see [12] , where 
the boundedness of singular and fractional type operators was obtained under the 
assumption that the local log-condition fll.ip holds. Making use of the progress for the 
Hardy inequalities in [3J, we now are able to avoid that condition and admit Lorentz 
spaces C p ^' q{ -\n). 
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2 Definitions 



2.1 On variable exponent Lebesgue spaces and Hardy opera- 
tors 

Let Q be an open set in R™ and fi a Borel measure on Q. Let p(x) be a /x-measurable 
function on f2 such that 1 < p_ :— essinfp(x) < p + := esssupp(x) < oo. By L p( -'\Vl) 
we denote the space of measurable functions f(x) on Q such that 



W)= / \f(x)\ p(x) d^x) < 



oo. 



This is a Banach function space with respect to the norm 

7 



L ,„ inf <i A • : 3 ; , ( j I < I 

(see e.g. (Sj). We refer to [2] for definition and fundamental properties of Banach 
function spaces. 

We denote = 1 rr- 

p'(x) p(x) 

In the one-dimensional case n = 1 we deal with the interval [0,1], < i < oo and 
the standard Lebesgue measure. Let 

p_ = inf p(t), p + = sup p(£). 

*e[o,^] t6 [ 0j i] 

We will use the notation 

V a = {p : a < p_ < p + < oo}, aER 1 (2.1) 
and will be interested in the special cases of the classes V a with a = or a = 1. 

Definition 2.1. By P([0, £]) we denote the class of functions p G L°°([0, £]) such 
that there exist the limits 

p(0) = limp(t) and p(oo) = limp(t), 



and conditions ( 11.3jl are satisfied, the conditions at infinity being only needed in the 
case £ = oo. We also denote 

p a ([o,£]) = P([o,£])np Q ([o,£]). 

We recall that for p G "Pi([0,£]) the Holder inequality 



u(t)v(t)dt 



< k\\u\\ LP (.)\\v\\ Lp/( .) 



(2.2) 



holds with k = — + 4-- 
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In [5] the following statement was proved. 



Theorem 2.2. Let p G Pi([0, £]) and a, f3, v e P([0, £)) and 
< i/(0) < -7-r and < i/(oo) < ' 



/'((•) " "~ p(oo) 

Lei a/so g(x) 6e any function in Pi([0,£]) swc/i t/tat 



1 



?(0) p(0) 
Taen i/ie Hardy-type inequalities 



— u(0) and 



1 



1 



g(oo) p(oo) 



V oo . 



-a(t)+i/(t)-l /" f( s )ds 



„a(s) 



J s /?(»)+l 



< c 



L"?(-)([o,£]) 



< c 



LP(-)([0,^ 



Lp(')([0,£]) J 



L9(0([0,£]) 



are u a/zd, z/ and on/?/ i/ 



and 



1 / X 1 

tt(0) < ,, , , a(oo) < — - — - 



0(0) > 



P(oo) > 



(2.3) 



(2.4) 



(2.5) 



(2.6) 



(2.7) 



(2i 



p(0) p(oo) 

respectively (conditions at the point oo in Ii2.3\) - [K4\ ) and \2. 7| )- (l2.8p being only required 
in the case £ = oo) 



2.2 Variable exponent Lorentz spaces 

In the sequel we denote i = for brevity. On the base of the Lebesgue L p ^([0,£]) 
we introduce now some new Banach function spaces, variable exponent Lorentz spaces. 
By 

f*(t) = sup{s > : n{{x E : \f(x)\ > s}) > t} 

we denote the non-increasing rearrangement of a function /. Obviously f*(t) = for 
t > £ in case £ < oo. 

Definition 2.3. Let p,q e V o ([0,£]). By #>(•).«(•) (fl) we denote the space of func- 
tions / on tt such that tWJ~WJf*(t) E L g( ) ([0, £]), i.e. 



J M (/)== I t^-^rit)^ dt <oo 



9(t) 



(2.9) 



4 



and we use the notation 



inf < A > : X 



P>9 



< 1 



Li(-)([o,e\) 



(2.10) 



It is easy to see that in the case p G Po([0, € Pi([0,£]), condition (12.91) is 
equivalent to the condition 



tm- 1 \f*(t)\ q{t) dt + 1 t^H \r(t)\ q{t) dt < oo 



(2.11) 



the latter being written for the case 



- g(O) -i ,,n 

/ 1*® \f*(t) | m dt should be considered. 



Let 



r{t) = i r r(s)rfS; 

1 Jo 



oo. In the case £ < oo, only the term 



r(t) < r(t). 



We can introduce the norm 



i 

CP'i(n) 



t W) W)f**(t) 



Li(-){[o,e]) 



< 



(2.12) 



so that 

ll/llz;p.9(n) — M-' ii ri'-'i'.i: 

The equivalence of (2.10) and (2.12) is characterized in the following theorem. 



Theorem 2.4. Let p e F o ([0J]),q E Pi([0,£]). Then the inequality ||/||* < 
C||/llz;p,q(n) with a constant C > not depending on f, holds if and only if p(0) > 1 
and, in case the £ = \Q\ = oo, also p(oo) > 1. 



Proof. Indeed, the inequality 



cP>i(n) 



<c\\f\\ 



£P>9(Q) 



is nothing else but the bound- 



edness in L q ^([0, £]) of the Hardy operator 



£p(t) «(*) 



-1 



f(s)ds 

_L 1 

gp(s) q(a) 



By Theorem 12.21 this boundedness is valid if and only if the values of ^ — ^iy at the 
points t = and t = oo are less than those of at these points, respectively. This 
gives conditions p(0) > l,p(oo) > 1. □ 

Note that in all the statements in the sequel, all the conditions imposed onp(t), q(t) 
at the point t = oo should be omitted in the case where |0| < oo. 

In accordance with Theorem 12.41 in the sequel we consider the space £ p ^' q ^(Q) 
under the following assumptions on p(-) and q(-): 



p,q e Pi(M) and p(0) > 1, p(oo) > 1. 



(2.13) 
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2.3 Basic properties of the spaces C p,q (Q) 

We refer to [2] for the notion of Banach function space (BFS) and rearrangement 
invariant norms, but recall the following basic definition, where M(Q, p) denotes the 
set of all /i-measurable functions on Q. 

Definition 2.5. A normed linear space X = (X(Q,p), || ||x) is called a Banach 
function space, if the following conditions are satisfied: 

i) the norm ||/||x is defined for all / G M(Q, p); 

ii) \\f\\x = if and only if f(x) = /i-a.e. on fi; 

iii) ll/IU=|||/||| x for aU/GX; 

iv) for every Q C O with pQ < oo we have < °°; 

v) if /„ G M(Q,p), n = 1,2,... and f n / f /i-a.e. on Q, then / 

vi) if /, g G M(Q,n) and < f(x) < g(x) /i-a.e. on Q, then \\f\\ x < \\g\\ x ; 

vii) given Q G Q with /xQ < oo, there exists a constant cq such that for all / G X, 
L |/(x)|d/x <c Q ||/|U. 



In particular, the following statement is known ([T], p. 61). 

Proposition 2.6. Le£ (X, /i) be an arbitrary totally a-finite measure space and X(g) 
a rearrangement-invariant norm over (M},m). Then the functionional p(f) defined on 
functions f in (X,p) by p(f) = A(/*) is a rearrangement-invariant norm on (X,p). 

Lemma 2.7. Let p, q G Vi(Q). Then the dual space (£*<•>'«<•> (fi))* is C p '^' q '^(Q). 

Theorem 2.8. Under conditions (I2.13p . the space £ p,q (Q) is a Banach function 
space. 

Proof. To state that both ||/|| £P , 9(n) and ||/||^p >g(n) ar e norms, it suffices to refer 
to Proposition 12.61 (The triangle inequality for the norm ||/||^p 9 , n follows from the 
inequality (f+g)**(t) < /**(*) + g**(t), see e.g. ££], Section 2, or [lj, p. 54). The other 
requirements to the definition of BFS easily follow from properties of non- increasing 
rearrangements /* and properties of the spaces L p ^ . For example, iv) is valid since 
for < f n / f we have /* / f* (see e.g. [IB] . Lemma 3.5, Chapter 5). Then 

II fJI = t^*)"^) f* S II f II 

\\Jn\\ c p, gm 1 Jn L , ( . )([0£]) / \\J WcP><l(si) 

by the property of the space L q t\ To check vii), we make use of the Holder inequality 
fl2~2|) for L«W with u{t) = t^~^ and v(t) = t*®~<®f*(t) and get 

\f(x)\dx= / f*(t)dt< ||w|| L ^(.)([ ,fl)ll/llLp(o,«(0(n) < cq 1 1 /I I !>(•),?(■) (n) 
Jo 

with cq = ||w||i9'(-)([o£i) < 00 because ||w||i9'(-)([o<i) < 00 < ^ == ^ > < °°> the latter 

being valid under the condition p(0) > 1, which was assumed. □ 

Let w(t) be a nonnegative weight function defined on [0,£]. 
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Definition 2.9. We define the weighted Lorentz space L p w { - )M \n) with the weight 
w defined on [0,£], as the subset of functions in M(f2, /i) such that 



»P(-),9(-) 



(n) 



w(t)tpw «<*>/*(*) 



LK-)(Q) 



< oo. 



Let also 



w(t)t*& «W /**(*) 



1,9(0(0) 



(2.14) 



(2.15) 



In the next lemma we suppose that j(t) is a measurable bounded function on [0,£] 
having the limit 7(0) = lim j(t), and, in the case I = 00, also having the limit 

7(00) = lim j(t) and satisfying the conditions 

t— >+oo 



|T(*) - 7(0)| < ^j, 0<t<l and | 7 (t) - 7(00) | < ( 



ln(e + t) 



(2.16) 



Lemma 2.10. Let the conditions in (12 . 1 3[) be satisfied and let w(t) = t 7 ^, where 
j(t) satisfies conditions (12. 161) and 

7(0) < — rr o,nd 7(00) < — ; — -. 
' V ; p'{0) ,K ' 1/(00) 



Then 
/■ 



< ||/||*p(o,«(0,™ - C\\f\\ C P(-)rt-) (clV where C > does noi depend on 



(«)' 



Proof. The left hand side inequality is trivial, the right-hand side one follows from 
Theorem 12.21 

□ 

In the next theorem we use the notation 

££([M) = {/ = / e ^"([0,4]) for all l x < £} . 
Theorem 2.11. Under the condition 



tm p(o> W{ . } 



w(t) 



(2.17) 



the space is a Banach function space with respect to the norm \\f\\ 1 

The proof is similar to that of Theorem 12.81 



(0,9(0 



(«)■ 



3 On classical operators in the space 



Let 



W(X) = S ,>S^7) 



\f(y)\dn(y), xeQ, 



(3.18) 



nnB(x,r) 
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be the Hardy-Littlewood maximal function. 



Theorem 3.12. Letp andq satisfy assumptions A2.13\) . Then the maximal operator 
is bounded in the space Cw (£1) with the weight 



(3.19) 



if 



7(0) < — — and 7(00) < — - — - (the latter in the case Lt(P) = 00). (3.20) 
p'(0) p'(oo) 



Proof. As is known, 

(Mf)*(t) < Cf*(t), 
see for instance [2], p. 122. Therefore, 



\\Mf\\ fP 



CO.eCO 



(n) 



f (t)+ m~W) (Mf)* 



L9(0([0/]) 



< C 



f® + wj~m /** 



and then the result follows by Theorem 12. 2[ 
As is known, the identity approximations 

1 



(3.21) 



LH-)([o,e]) 

(3.22) 
□ 



A : f[.r) = ^jal^- )/(,y). 



where L a(y) dy — 1 and a(x) has a radial decreasing integrable majorant, are domi- 
nated by the maximal operator: 



\A e f(x)\ < CMf(x), f e L p (R n ), 1 < p < 00, 



(3.23) 



with an absolute constant C > not depending on x and e, see [T7]. In particular, the 
Poisson integral 



Pyf(x) = jp[x-tv) f(0d£, P(x, y) 



c n y 



\x\ 2 + y 2 



is uniformly in y dominated by the maximal function. Under assumptions of Theorem 
13.121 we have 

£K-),<K-)(Q) c ^i(n) + (3.24) 



So we make use of (13.231) and arrive at the following corollary. 

Corollary 3.13. Under the assumptions of Theorem \3.12\ the sublinear operator 



sup \A £ f(x)\ , 

£>0 
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where A £ f is an identity approximation with kernel admitting radial decreasing in- 
tegrate majorant, is bounded in the space Cw ^(fi); in particular the operator 
sup \P y f(x)\ is bounded in this space. 



*P(0.9(0 



Next we consider in C w ' (fi) convolution operators 

k*f{x)= / k{x-y)f(y)dfi{y). 



We will also treat their particular cases, the Riesz potential operator and Calderon- 
Zygmund singular operators, which for generality we will consider over an open set 



and 



I a f(x) = [ | fiV l_ a dfi(y), xeQ, 0<a<n. 
Jn F — V\ 

K f( x ) = I f (rg ~in /(y) d/i(y), x G n, 
Jn \ x -y\ 



where A is an odd function on MJ 1 , homogeneous of degree and satisfying the Dini 
condition on the unit sphere § n_1 : 

/ —zr - d5 < oo, where u(k,5) = sup \A{x) — A(y)\. 

Jo ° x^yGS"- 1 ,\x-y\<6 

The operators K include as particular cases, the Hilbert transform (n = 1, k(x) = 
and the Riesz transforms (n > 2, /c(x) = ^ , j = 1, . . . , n). 

There are known the following pointwise estimates of those classical operators via 
decreasing rearrangements: 

t OO 

(k*f)*(t) < k**(t) J f(s)ds + J k*(s)r(s)ds, (3.25) 

t 

see [15] . and its particular case 

(I a f)*(t)<c(t- 1+a/n f*(s)ds+ j 1 f*(s)s- l+a / n ds\ e = fi(p). (3.26) 
A similar estimate holds for the singular operator K 

(Kf)*(t)<c(- ( f*(s)ds+ [ Q^tfeY £ = iitt, (3.27) 



o 



see [I]. 



Theorem 3.14. Let p and q satisfy assumptions A2.13\) . Then the operator K is 
bounded in the space C w ) (Q) with the weight (13.191) under conditions (13.201) . 
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Proof. The proof is obtained similarly to (13.221) from the pointwise estimate (I3.27P 
and Theorem 12.21 □ 



Theorem 3.15. Let < a < n, p and q satisfy assumptions \2.l$i) and p + < —. 
Then the operator I a is bounded from the space C p w ( ' Ui '\n) with the weight fl3TT9|) into 
the space £^ ( ' )>9( ' ) (0) where -4, = -4 - % if 



a 



p a (t) p(t) n < 

1 1 a 1 1 
< 7(0) < — — and -; — r < 7(00) < — 



n p(0) ,v ' p'(0) n p(oo 

the condition at infinity being needed in the case /x(fi) = 00 

Proof. We have 



p'(oo) 



(3.28) 



t^ t)+ ^)-w) (i a fy (t) 



Li()([0,£\) 



Then by (E2 
where 

t 

)-i [ <p(s)ds 



(•).«(■) 



(n) 



< c(A + B), 



A 



t x(t)- 



S A( S ) 



B 



Li(-)([o,e]) 



ip(s)ds 



,A(«)- 



+ 1 



and A(t) = 7 (t) + ^ - and p(f) = t A W/*(t) G L«<0( 
of Theorem 12.21 



w(-)([o,i]) 

). It remains to make use 

□ 



Since the fractional maximal function 
M a f{x) = sup ' 



>o \B(x,r 



H- 1 



\f(y)\dy, 0<a<n, 



B(x,r)nfl 

is dominated by fractional integral: A1 Q /(x) < cl a (\f\)(x), from Theorem 13. 151 we get 
the following corollary, 



Corollary 3.16. Under the assumptions of Theorem \3.15[ the operator Ai a is 
bounded from the space Cw ^ into the space Cw ^ ^(^)- 



4 On the ergodic maximal function and the ergodic 
Hilbert transform in variable exponent Lorentz 
spaces 

Let (T T ) re iR be an ergodic flow of measure-preserving transformations on a a-fmite 
measure space (X, /1), and let M/ and Mf, f e L(X), be the ergodic maximal function 
and the ergodic Hilbert transform, respectively, (see [14J) 

Mf(x) = sup - / \f(T T x)\dr and M/(x) = lim / dr. 

a>0 0, J S^0+ J{8<\t\<l/8} T 
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The estimations (3.21) and (3.27) hold for operators M and H, respectively, as well. 
Namely, 

(M/)*(t) < /**(t) (4.29) 

can be obtained as in the discrete case (see [7J; Ineq. (2)) since only the weak (1, 1) 
type inequality, /x{M/)* > A} < j f{Mf)*>\} f 1S usec ^ to P rove (4.29) in the discrete 
case which holds for the continuous case too with equation sign (see [14J, p. 76), and 
the inequality 

(Hf)*(t) < c/~ jf r(s)ds + J"l^lds^j, £ = fi(X), (4.30) 

can be proved using the generalization of the Stein-Weiss theorem for the ergodic 
Hilbert transform (see [S], [9]): 

M|H(l E )l>A=(*^\ hen ^ ) ; ° (4.31) 
[*it(s)(A) when ii(X) < oo , 

where £ C X is any measurable subset, and 

T m 2£ , * ,^ 2u(X) /sin«/u(X))\ 

$ £ (A) = — i- and $ e (A) = PV ; arctan — v w / ; ;; . 
sinh A 7T \ sinh A / 

Indeed, if /i is a measurable function with strictly decreasing continuous distribution 
function V h , then h*(t) = T>^ l (t). Hence it follows from (4.31) that 

{^~} E ^{t) when fi(X) = oo and < t < oo 
$~{ E) (t) when n(X) < oo and < t < fi(X) 
when fJ,(X) < oo and t > fJ*(X) 

Observe that 

'(!) — s-.w-^f^S)- 

The function sinh -1 is increasing, and if we use simple relations between the trigono- 
metric functions sin a; < x, < x < it and tant > t, < t < |, then we get for each 
/i(E) < /i(X) and t > 0, 

(H(l s ))*(£) < i sinh -1 (^|^) ^ 432 ) 

The rest of the proof of (4.30) is the same as for the usual Hilbert transform case 
(see P3], pp. 134-137). 

As in previous sections, depending on estimations (4.29) and (4.30), one can prove 
the following 
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Theorem 4.17. Let p and q satisfy assumptions 112. 13\) . Then the ergodic maximal 
operator and the ergodic Hilbert transform are bounded in the space c p w ( - )M -\n) with 
the weight (13.191) under conditions (13.201) . 
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